In papers by Lynch [Phys. Rev. A41, 2841 (1990 ] and Gerry and Urbanski [Phys. Rev. A42, 662 (1990)] it has been argued that the phase-fluctuation laser experiments of Gerhardt, Büchler and Lifkin [Phys. Lett. 49A, 119 (1974)] are in good agreement with the variance of the Pegg-Barnett phase operator for a coherent state, even for a small number of photons. We argue that this is not conclusive. In fact, we show that the variance of the phase in fact depends on the relative phase between the phase of the coherent state and the off-set phase φ0 of the Pegg-Barnett phase operator. This off-set phase is replaced with the phase of a reference beam in an actual experiment and we show that several choices of such a relative phase can be fitted to the experimental data. We also discuss the Noh, Fougères and Mandel [Phys. Rev. A46, 2840Rev. A46, (1992] relative phase experiment in terms of the Pegg-Barnett phase taking post-selection conditions into account.
The notion of a quantum phase and a corresponding quantum phase operator plays an important role in various considerations in e.g. modern quantum optics (for a general discussion see e.g. Refs. [1, 2, 3] ). Recently it has been argued by R. Lynch [4] and C. C. Gerry and K. E. Urbanski [5] that the theoretical values of the variance of the Pegg-Barnett (PB) phase operator [6] evaluated for a coherent state are in good agreement with the phase-fluctuation measurements of Gerhardt, Büchler and Lifkin [7] for two interfering laser beams. In the literature one often finds reiterations of this statement (see e.g. Ref. [8] ). For the purpose of analyzing the experimental data in terms of the PB phase operator one makes the assumption that the laser light can be described in terms of a coherent state (see e.g. Ref. [9] ). It has, however, been questioned to what extent this assumption is correct [10] based on the fact that conventional theories of a laser naturally leads to a mixed rather than a pure quantum state (see e.g. Ref. [11] ). Relative to a reference laser beam the quantum state of the laser can nevertheless be assumed to be a coherent state [12] . We notice that the arguments of Ref. [10] has been questioned [13] and that in some laser models there are indeed mechanisms which may provide for quantum states with precise values of both the amplitude and the phase. Recent experimental developments have also actually lead to a precise measurement of the amplitude and phase of short laser pulses [14] .
In the present paper it is assumed that a coherent state is a convenient description of the quantum state of the laser in agreement with our argumentation above. Even with the use of coherent states we will claim that a clarification is required concerning the comparison between the PB quantum phase theory and experimental data. We will argue that the phase is naturally given relative * Electronic address: Bo-Sture.Skagerstam@phys.ntnu.no † Electronic address: Bjorn.Bergsjordet@phys.ntnu.no to the PB off-set phase φ 0 and that the variance of the relative phaseφ − φ 0 therefore is dependent on the relative phase between the phase ξ of the coherent state and the off-set phase φ 0 . In an actual experiment one measures the phase relative to a reference beam and the off-set value φ 0 will then effectively be replaced by the phase of the reference beam. In the course of our calculations and in comparing with actual experiments we will verify that in some situations the actual phase in the definition of the coherent state used is actually irrelevant.
We make use of spectral resolution of the PB phase operator [6] defined on a (s + 1)-dimensional truncated In Eq.(1) the normalized state |φ m can be expressed in terms of the number-operator eigenstates |n , i.e.
As described by Pegg and Barnett [6] we do all the calculations of the physical quantities in this truncated space and take the limit s → ∞ in the end. Care must be taken when performing the appropriate mathematical limit [4, 15] . Following these definitions, the expectation value of a function O of the relative phase operator φ − φ 0 is given by
where |ψ is a general pure quantum state in the form of a linear superposition of number-operator eigenstates |n , i.e. |ψ = ∞ n=0 P n e iξ(n) |n ,
with a normalized number-operator probability distribution P n . Here
is a periodic probability distribution. The distribution P (φ) is the same as the one obtained from the Susskind-Glogower (SG) phase operator theory [16] , which has been argued on general grounds to be the case [17] . In the case of coherent-like states with ξ(n) = nξ + ξ 0 but with arbitrary P n , the distribution P (φ) depends in general on the difference between the phase ξ and the PB off-set value φ 0 , i.e. on δξ ≡ ξ − φ 0 . For a coherent state |ψ = |α , with α = |α| e iξ , the photon-number distribution is Poissonian, i.e. P n = e −|α| 2 |α| 2n /n! . In what follows we will, unless otherwise specified, limit ourselves to the use of coherent states but our considerations can be extended to general states, pure or mixed, in a straightforward manner. (22) respectively, which do not depend on ξ, and the GBL data from Ref. [7] . In addition horizontal error-bars of widthn 1/2 are added to the GBL data.
We observe that the variance is independent of the off-set phase φ 0 , i.e.
but it is dependent on the relative phase δξ, as we will see in detail below. Lower and upper bounds on the variance ∆φ 2 can be found as follows. We have from which an Heisenberg uncertainty type of relation follows, i.e.
The periodic distribution P (φ) is now such that the variance ∆φ 2 has a lower bound when ξ − φ 0 = ±π (apart from multiples of 2π) with a mean value of the phase operatorφ = π. The minimum value of the variance ∆φ 2 can then be found using the same techniques as in the proof [18] of the implicit bound due to Judge [19] , i.e.
From this expression one can easily obtain a lower bound on the variance ∆φ 2 which we conveniently simplify into the following form
where we make use of the fact that ∆N 2 =n for a coherent state. The lower bound is chosen in such a way that the bound is saturated for the vacuum distribution withn = 0. The upper bound is obtained by direct calculation of the variance using a distribution P (φ) in the form
which is valid when the mean number of photons in the coherent state is such thatn ≫ 1 and δξ = 0. In Fig. 1 we show the expectation value of the relative phase operatorφ − φ 0 and the corresponding variance ∆φ 2 for a coherent state with a mean number of photons n = |α| 2 = 4 as a function of the relative phase δξ of the coherent state, which due to the periodicity of P (φ) always can be chosen in the same range as φ. The expectation value and the variance are periodic functions of the variable δξ. Whenn is increased ∆φ 2 becomes more narrow around the values δξ = 0 and δξ = 2π. Except for these boundary points α|(φ − φ 0 )|α approaches the expected linear dependence of δξ. The PB phase operator theory therefore predicts a small ∆φ 2 forn ≫ 1 except for unavoidable periodic spikes with ∆φ 2 = π 2 . In Fig. 2 we illustrate how the variance ∆φ 2 depends on the relative phase difference δξ as a function of the mean numbern of photons of the coherent state together with the upper and lower bounds according to Eq. (11) . As is seen from Eqs. (4) and (7) the variance ∆φ 2 is symmetric around δξ = π. If δξ is a multiple of 2π, we find that ∆φ 2 approaches its maximum value π 2 fast. For all other values of δξ we find that ∆φ 2 approaches 1/4n ifn is large enough. In Fig. 2 we also show the variance (∆φ) 2 P B as expressed in terms of cosine and sine phase operators as used in SG-theory [1, 16] . The variance (∆φ) 2 P B is then evaluated in terms of the PB phase operatorφ according to
where we in general define
A straightforward calculation making use of the distribution Eq.(6) then leads to the result
ψ P B (n) = √n e −n ∞ n=0n n n!(n + 1)! .
In obtaining this expression we have made use of the relation
which shows that for elementary trigonometric functions the PB phase operator for a coherent state only leads to a modified amplitude for a small average numbern. If we define the exponential e iφ =Ĉ + iŜ in terms of the SG Cos-and Sin-operatorsĈ andŜ [1, 16] , the SG theory also leads to Eq.(17) apart from the φ 0 dependence. The corresponding expression for the fluctuations (∆φ) 2 SG in the SG-theory follows from the results of Ref. [1] , i.e.
We notice that the fluctuations (∆φ) 2 P B and (∆φ) 2 SG do not depend on the phase ξ. This independence of the phase ξ does not imply that this is an unessential parameter. The coherence property of the pure state as given by Eq. (5) is essential in obtaining the result Eq.(15). If we instead consider a mixed state as described by the diagonal density matrix ρ = ∞ n=0 P n |n n| we would e.g. obtain the results
and
The explicit result Eq.(15) can be used to derive the following convenient upper and lower bounds
In Ref. [7] one has measured phase fluctuations of interfering beams. A comparison of these experimental data with the fluctuations of the relative SG phase operator as given by
was discussed in great detail in Ref. [20] . Here we observe that (∆φ) 2 P D does not depend on the phase ξ. The experimental data of [7] (GBL-data) used in the figures of this article are listed in Ref. [20] . To these data we have added horizontal error bars of widthn 1/2 . In Fig. 3 we plot the GBL-data and (∆φ) 2 P D . Since the GBL-data (∆ sin(φ1 −φ2)) 2 evaluated with the PB theory, NFM data and theory, and the GBL data from [7] . The conditions are as described in Fig. 5 . In addition horizontal error-bars of width n 1/2 are added to the GBL data.
actually corresponds to two separate and independent measurements of phase fluctuations we also compare the GBL-data with the PB phase fluctuations 2(∆φ) 2 . In analogy with the fluctuations of the relative SG phase operator it is of interest also to compare these experimental data with fluctuations of the relative PG phase operator as defined by
extending Eq.(13) to two independent phase measurements with PG phase operatorsφ 1 andφ 2 . The distributions P (φ 1 ) and P (φ 2 ) are then assumed to be equal, apart from the dependence of a possible optical path length difference which will not effect our results in the end. A straightforward calculation leads to the result
It appears from Fig. 3 that (∆φ) 2 P B provides the best fit to the GBL data. In view of the fact that (∆φ) 2 P B does not depend on any optical path difference or on the phase ξ suggest to us that this measure of phase fluctuations is appropriate at least as far as the GBL data is concerned. As far as we can see, these results are not in complete agreement with those presented by Lynch (1995) [4] .
In Refs. [21, 22, 23] a new formalism (NFM) for the phase difference between two quantized electromagnetic fields is explored both theoretically and experimentally. The experimental setup is illustrated in Figure 4 . In their experiments the relative phase is determined by counting the number of photons detected in each detector within a time interval, disregarding measurements when the number of photons in detectors D 3 and D 4 and detectors D 5 and D 6 are equal. The experimental accuracy is considerably increased as compared to the GBL results. As The experimental setup is as in Fig. 7 .
Here we reconsider the calculation of some functions of the relative phase operatorφ 2 −φ 1 by making use of the PB-theory taking into account the post-selection, i.e. disregarding measurements when the number of photons in detectors D 3 and D 4 and detectors D 5 and D 6 are equal. We therefore calculate all the expectation values within the PB scheme, by first evaluating the complete expectation value cos n (φ 2 −φ 1 ) according to Eq. (4)). We then subtract the contributions discarded by NFM in their experiment, i.e. cos n (φ 2 −φ 1 )|m 6 |m 5 |m 4 |m 3 δ m3,m4 δ m5,m6 (26) and renormalize the final result with the factor [21, 22, 23 ]
where I 0 denotes a modified Bessel function. The initial density matrix ρ has been assumed to be given by
where the indices to the vacuum state indicates vacuum port 1 and 2 according to Figure 4 . The normalizing factor N according to Eq.(27) is obtained by calculating the trace of this initial density matrix taking the postselection condition into account. Input port 1 and 2 are in the coherent states |α 1 and |α 2 respectively with α 1 = |α 1 |e iξ1 and α 2 = |α 2 |e iξ2 . In Fig. 5 we present the result of the calculation of cos(φ 2 −φ 1 ) / cos(ξ 2 − ξ 1 ) as a function of the average number of photons in port 1, i.e.n = |α 1 | 2 , for a fixed large average number of photons in port 2 (n 2 = |α 2 | 2 = 50). As discussed in Refs. [21, 22, 23] these averages should be replaced by the observed averages taking the experimental detection efficiency into account. Sincen 2 is large, the post-selection restriction above can then be disregarded with an exponentially small error. Furthermore, the observableφ 2 can be replaced by ξ 2 and a straightforward calculation leads to
independent of ξ 2 − ξ 1 . We find that the PB-theory, which in this case agrees with the SG-theory, predicts results which lies above the experimental data as presented in Fig. 5 . We are not in agreement with Ref. [23] since their corresponding curve lies below the experimental data. Our conclusion is, however, the same: due to the small error-bars the PB-theory does not agree with NFM experimental data in this case. We now consider other observables considered in Refs. [21, 22, 23] but which were not calculated using the PG-theory. The expectation value cos 2 (φ 1 −φ 2 ) with the setup as given by Fig. 4 , where the input port 2 is in a coherent state |α and the input port 1 is the vacuum field, is e.g. given by
since the distribution P (φ 1 ) for the observableφ 1 in this case is a constant and the averaging of the observableφ 2 with the post-selection of Fig. 4 leads to the normalization factor as given by Eq. (27) . This result agrees exactly with the NFM theory and also with experimental data as seen in Fig. 7 . Even though the probability distributions of the relative phase in the PB and the NFM theory has been argued to be different in the NFM experimental situation [24] , some observables can nevertheless apparently lead to the same result. A calculation of the corresponding expression using the relative phase operator in the SG-theory [1] leads to an asymptotic value 1/4 for cos 2 (φ 2 −φ 1 ) for a sufficiently large mean value of photons in input port 2, i.e. when one can disregard effects of the NFM post-selection restriction mentioned above.
The general expression for the expectation value cos 4 (φ 2 −φ 1 ) within the setup as given by Fig. 4 where the input port 2 again is in a coherent state |α and the input port 1 is the vacuum field is given by 
A very accurate analytical approximation of this expression is
For small values of |α| 2 , ( |α| 2 ≤ 1), we also find that
is an accurate analytical approximation with an error of less than 1%.
In Fig. 7 we compare the expectation values cos n (φ 2 − φ 1 ) with n = 2 and n = 4 of PB with NFM data and theory. As we noticed above, for n = 2 the curves overlap, but with n = 4 the curves are completely different. The PB curve for n = 4 is actually very close to the constant 3 8 for all values ofn. The effect of the postselection is not visible in Fig. 7 . In Fig. 8 we have enlarged the portion of Fig. 7 where the post-selection is important. The GBL data have been adjusted to apply to the experimental setup as presented in Fig. 4 . In contrast to the GBL data we do not have independent measurements. The necessary adjustments are a division of 2 of their data and a corresponding division by √ 2 of their quoted variances. The NFM data and theory values used in the figures of the present paper are read from the corresponding figures in article [22] by actually importing the figures into Matlab using a routine with sufficient numerical accuracy. As we see in Fig. 6 the values of phase fluctuations found from the PB theory are in good agreement with the experimental results of GBL. We also notice that NFM data and theory lie at the edge of the accepted variance of the GBL data.
In summary we have recalculated expectation values of relative phase operators using the PB-theory and with regard to the NFM experimental data we have taken postselection constraints into account. We have also considered a set of observables which has been measured but not previously calculated using the PB-theory. We have seen that there are definitions of phase fluctuations which do not depend on the actually phases of coherent states used to describe the states to be probed, even though the purity of the states are important. The PB-theory appears to describe accurately some experimental data but no all. Some of our results are in disagreement with similar results available in the literature but we are , however, nevertheless reaching a similar conclusion as in the NFM theory [21, 22, 23] , i.e. the notion of a relative quantum phase depends on the actually experimental set-up. We have limited our considerations to the GBL [7] -and the NFM [21, 22, 23] -experimental data. Further experimental considerations has been discussed in e.g. Ref. [25] , and commented upon in Ref. [26] , illustrating again that the notion of a relative quantum phase appears to depend on the experimental situation.
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